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Near Miss abc-Triples in Compactly Bounded Subsets

By

Yuki WADA *

Abstract

In the present paper, we study the existence of near miss abc-triples in compactly bounded
subsets. In more concrete terms, we prove that there exist infinitely many abc-triples such that:

1. |abc| exceeds a certain quantity determined by the product of the distinct prime numbers
of abc, and, moreover,

2. a certain value A determined by a,b,c, which corresponds to the quantity “A” in the
Legendre form of an elliptic curve, lies in a given compactly bounded subset.

§0. Introduction

First, we review the definition of an abe-triple (cf. Definition 1.5).
Definition 0.1. Let a,b, c € Z be such that
a+b+c=0,
(a,0) =1,

a#0,b#0,c#0.

Then we shall say that the triad of integers (a,b,c) is an abc-triple. For an abe-triple

(a,b,c), we define
- . _b
Napo = I 2 Aase:=—1

pEPrimes
plabc

Next, we state the abc Conjecture.
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Theorem 0.2 (abc Conjecture).  For v € Ry, there exists a C, € Rsq such
that, for every abc-triple (a,b,c), the following inequality holds:

max{|al, b, |c|} < CWN(lalec).

In 1988, Masser proved that the v = 0 version of the abc Conjecture does not hold.
The result obtained by Masser (cf. [M], Theorem) is as follows:

Theorem 0.3.  Let Ny,v € Ryg be such that v < % Then there exists an abc-
triple (a,b,c) such that

(Masser 1) Nap,e) > No,
(Masser 2) |abe| > N(Ba,b,c) exp ((log N(a,b,c))%_7> )

Since any infinite collection of abc-triples as in Theorem 0.3 for Ny — +oo yields
a counterexample to the v = 0 version of the abc Conjecture, we shall refer to such
abc-triples as near miss abe-triples.

On the other hand, in [GenEll], Mochizuki introduced the notion of a compactly
bounded subset (cf. [GenEll], Example 1.3, (ii)) and showed that the abc Conjecture
holds for arbitrary abe-triples if and only if it holds for abe-triples that lie (i.e., for
which the associated “A(, )" lies) in a given compactly bounded subset (cf. [GenEll],
Theorem 2.1). Before proceeding, we review the definition of a compactly bounded
subset (cf. Definition 1.6).

Definition 0.4. Let r € Q, ¢ € Ry, and X a finite subset of the set of valua-
tions on Q which includes the unique archimedean valuation co on Q. Write

KT,E,Z = {T/ c Q | HT/ — T”U < g, Yo € Z}
We shall refer to K, . s as an (r,¢, X)-compactly bounded subset.

(Here, we remark that the use of the indefinite article “an” preceding the expres-
sion “(r, e, 3)-compactly bounded subset” results from the usage of this expression in
[GenEll], where one considers compactly bounded subsets of more general hyperbolic
curves than just the projective line minus three points (which corresponds to the situ-
ation considered in the present paper) over more general number fields than just Q.)

In the present paper, we prove that the existence of near miss abc-triples that lie in
a given compactly bounded subset. The main result of the present paper is as follows:

Theorem 0.5. Letr € Q; e, Ng,v € Ryg such that v < %; > a finite subset of
the set of valuations on Q which includes the unique archimedean valuation oo on Q;
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and K, . s an (r,e,X)-compactly bounded subset. Then there exists an abc-triple (a,b, c)
such that

(Main 1) N(a,b,c) > N07
(Main 2) labe| > N(Ba,b,c) exp ((log log N(a,b,c))%ify> ,
(Main 3) >\(a,b,c) S Kﬁ&z}‘

In §1, we establish the notation and terminology used in the present paper. In §2,
we review the statement of Theorem 0.5 (cf. Theorem 2.1) and state the elliptic curve
version of Theorem 0.5 (cf. Theorem 2.7). Also, we discuss a certain related conjecture.
In §3, we review well-known consequences of the Prime Number Theorem. One such
consequence is Theorem 3.9, which estimates the cardinality of the set

{2/ € Zvo |2 <2 <z, LPN(z') <y, and (z',n) = 1},

where LPN(—) denotes the largest prime number dividing the integer in parentheses.
This estimate plays an important role in §4. In §4, we prove Theorem 0.5 (i.e. Theorem
2.1). In 85, we give, for the convenience of the reader, an exposition of the proof of
Masser’s result, i.e., Theorem 0.3, via arguments similar to the arguments given in the
proof of Theorem 0.5 in §4. For instance, Lemmas 5.1 and 5.2 correspond to Lemmas
4.1 and 4.4, respectively.

The proof of Theorem 0.5 is divided into Lemmas 4.1, 4.2, 4.3, and 4.4. Lemmas
4.1 and 4.4 are based on the arguments of Masser’s proof. In particular, by applying
Lemma 4.1 (which corresponds to Lemma 5.1), we obtain an abc-triple that can in
fact be shown (i.e., by applying the arguments of Lemma 4.4 or Lemma 5.2) to satisfy
the conditions (Masser 1) and (Masser 2) of Theorem 0.3, but whose associated “\” is
not necessarily contained in the compactly bounded subset K, . s, of condition (Main 3).
This state of affairs is remedied as follows:

e First, we apply Lemma 4.1 to construct a pair of integers (a1, b1) which satisfies the
conditions (Masser 1) and (Masser 2) of Theorem 0.3, and whose associated “A” is
contained in a (1, e, ¥)-compactly bounded subset.

e Next, we apply Lemma 4.2 to construct a pair of integers (az, b2) (which does not
necessarily satisfy the conditions (Masser 1) and (Masser 2) of Theorem 0.3, but)
whose associated “A” is contained in an (r,e,% \ {oco})-compactly bounded subset.

e Lemma 4.3 is the key step in the proof of Theorem 0.5 and may be summarized as
follows: It follows immediately from the inequalities

b _ rte
1<a1<

r—¢&
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(which are an immediate consequence of the construction of (aj, b;) in Lemma 4.1),
by considering the elementary geometry of the real line, that there exists an o/ € Z
such that

a/
by (b
122 (&) ~rlle <.
We define (as,b3) to be the unique pair of relatively prime positive integers such
that /
by . by (b2
as T ag al :

Then it follows formally from the defining property of a non-archimedean valuation
that the “\” associated to the pair of integers (as,bs) is contained in an (r, e, X)-

compactly bounded subset.

e Finally, in Lemma 4.4, we estimate the quantity N, ) associated to the abc-triple
(@ := as,b := —bs,c := —a — b) and thus conclude that this abc-triple (a,b,c)
satisfies the conditions (Main 1), (Main 2), and (Main 3) of Theorem 0.5.
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§1. Notation

Elementary Notation
Here, we introduce some elementary notation.

Definition 1.1.  Let X be a finite set. Then we shall write §.X for the cardinality
of X.

Definition 1.2.

1. Write Z for the ring of rational integers, Q for the field of rational numbers, R for
the field of real numbers, and C for the field of complex numbers.

2. Let A € {Z,Q,R} and a € A. Then we define

Asy:={d eN|d >a}, As,:={d € A|d >a}.
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3. Let m,n € Z\ {0}. Then we shall write (m,n) for the greatest common divisor of
|m| and |n|.

Definition 1.3.
1. Write Primes for the set of prime numbers.

2. Write V for the set of (archimedean and non-archimedean) valuations on Q. We
denote the unique archimedean valuation on Q by co. Write V2™ := {oco}, VYo" :=
V '\ {oco}. Here, we suppose that || — ||, is normalized as follows: [|All, = || for
A € Qif v € V2 there exists a (unique) p, € Primes such that [|py], = py* if
v e vron,

3. For p € Primes, write Z,, for the ring of p-adic integers and Q,, for the field of p-adic

numbers.
Definition 1.4.
1. Let X be aset and f,g: X — C. We shall write
f=0(g)
if there exists an M € R such that, for every x € X,
|f(2)] < M|g(=)|.
We shall also write f(xz) = O(g(z)) instead of f = O(g).
2. Let X,Y be sets, U a subset of X x Y, and f,g: U — C. We shall write
f=0vy(9)
if there exists an My : Y — R<( such that, for every (z,y) € U,
f(z,y)| < My (y)|g(z,y)|.

We shall also write f(z,y) = Oy(9(z,9)), f(z,y) = Oy(9(z,y)), or f = Oy(9)
instead of f = Oy (g).

abc-Triples and Compactly Bounded Subsets
Here, we define abc-triples and compactly bounded subsets, which play an essential
role in the present paper.
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Definition 1.5. Let a, b, c € Z be such that
a+b+c=0,
(a,b) =1,

a#0,b#0,c#0.

Then we shall say that the triad of integers (a,b,c) is an abc-triple. For an abe-triple
(a,b,c), we define

- . _b
N(a,b,c) = H b, )‘(a,b,c) = T a

pEPrimes
plabe

Definition 1.6. Let r € Q, € € Ryg, and ¥ C V a finite subset which includes
oo. Write
Kiex:={r"eQ||r—r|,<e VveX}

We shall refer to K, . s as an (r,¢, X)-compactly bounded subset.

Definitions Related to Prime Numbers
Here, we define various definitions related to prime numbers.

Definition 1.7. Let i € Z>1,n € Z\ {0}, z,y € Rxo.
1. We denote the i-th smallest prime number by p;.

2. If n # +£1, then we denote the largest prime number dividing n by LPN(n). If
n = £1, then we set LPN(n) := 1.

3. We define
m(z) = {2’ € Primes | 2’ < x}.
4. We define
U(z,y) :=t{z' €Z |2 <2’ <z, LPN(2') < y}.
5. We define

U(z,y;n) :=t{z' € Z|2 <2’ <z LPN(z') <y, (z',n) = 1}.

6. We define
0(z) := Z log p.

Primesdp<zx
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Facts Related to Elliptic Curves
Here, we review facts related to elliptic curves.

Definition 1.8.

1. Write G, := Spec Z[T,T~1] for the multiplicative group scheme over Z and G, :=
Spec Z[T] for the additive group scheme over Z.

2. Let k be a field. We shall say that E is an elliptic curve over k if E is an irre-
ducible smooth projective curve over k, dimy I' (E,w E /k) = 1, and there exists a
k-morphism e: Spec k — FE.

Definition 1.9. Let us consider the equation
E: y? = 23 + a12? + asx + as for aq,as,a3 € Q.

We define the discriminant Dg of E to be the discriminant of the cubic equation z3 +
a17? + asx + az. Note that E defines an elliptic curve E over Q if Dy # 0.

Remark 1.10. Let E be as in Definition 1.9. Note that Dy differs from the
quantity “A” that is referred to as the “discriminant” in [S], III.1. According to [S],
III.1, it holds that A = 2*Dx.

Remark 1.11. Let E be an elliptic curve over Q. Then, in general, an equation
“E” as in Definition 1.9 that gives rise to F is not uniquely determined. In particular,
it does not make sense to speak of the “discriminant Dpg associated to E”. On the
other hand, it does make sense to speak of the minimal discriminant associated to F,
as defined in [S], VIIL.8. We shall write D2 for the minimal discriminant associated
to E.

Definition 1.12. Let p € Primes and & := Z,/pZ,,.

1. We shall say that E has good reduction at p if there exists a smooth projective
Zy-scheme E' such that £’ xz, Q, and E xg Q, are isomorphic as Q,-schemes.

2. We shall say that E has multiplicative reduction at p if there exists a smooth group
scheme E’ over Z, such that £’ xz Q) is isomorphic to £ xg@Q, as a group scheme
over Qp, and E' Xz & is isomorphic to G, as a group scheme over some algebraic

closure of k.

3. We shall say that F has additive reduction at p if there exists a smooth group scheme
over suc a Xz is isomorphic to E x as a group scheme over
E’ Zyp such that B’ xz, Q, is i hic to £ xq Q, g h
Qp, and E’ xz_ & is isomorphic to G, as a group scheme over some algebraic closure
of k.
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4. We define the conductor Ng of E (cf. Remark 1.13) to be the product
NE = H pfp(E)7
pEPrimes

where f,(E) := 0 if E has good reduction at p; f,(E) := 1 if E has multiplicative
reduction at p; and f,(E) := 2 if E has additive reduction at p.

Remark 1.13. The definition of the conductor given in Definition 1.12 is not
quite correct, but suffices for the purposes of the present paper. For a more detailed

discussion of this “incorrect working definition”, we refer to [S], VIII. 11.

§2. The Main Result

The following theorem is the main result of the present paper. The proof of this
result is given in §4.

Theorem 2.1. Letr € Q; €, Ny,v € Ry such that v < %; > CV a finite subset
which includes 0o; and K, . 5, an (r, e, X)-compactly bounded subset (cf. Definition 1.6).
Then there exists an abe-triple (a,b,c) such that

(Main 1) Nap,e) > No,
(Main 2) labe| > N(?’a’b,c) exp ((log log N(a,b,c))%_v) ,
(Main 3) A(a,b,c) S Kr,E,E-

For the sake of comparison, we also state Masser’s result. Masser’s proof of this

result is reviewed in §5.

Theorem 2.2.  Let Ny,v € Ry be such that v < % Then there exists an abc-
triple (a,b,c) such that

(Masser 1) Nap,e) > No,
(Masser 2) |abe| > N(Sa,b’c) exp ((10g N(a,b,c))%_7> .

Our result is motivated by Masser’s. Unlike the abe-triple (a, b, ¢) of Theorem 2.2,
the abce-triple (a,b,c) of Theorem 2.1 is subject to the condition that it lie inside an
(r,e,X)-compactly bounded subset (i.e., (Main 3)); on the other hand, the inequality of
Theorem 2.1 (i.e., (Main 2)) is weaker than the inequality of Theorem 2.2 (i.e., (Masser
2)).

Theorem 2.1 may be translated into the language of algebraic geometry (cf. Theo-
rem 2.7 below), by applying the so-called Frey Curve, which we review in the following

lemma.
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Lemma 2.3.  Let (a,b,c) be an abc-triple. Thus, the equation
E: y? = 2(x + a)(x — b)
defines an elliptic curve E over Q. Then there exists e € {0,1} such that

|DE| = |abc|2, NE = QeN(CL’b’C).

Proof. 1t follows from the definition of Dg that
|Dg| = |abc|?.
It follows from [S], Chapter VIII, Lemma 11.3 (b) (and its proof) that
Ng =2°N(ap,c)-
This completes the proof. O

Remark 2.4. According to [S], Chapter VIII, Lemma 11.3 (a), it follows that
there exists an €’ € {0, 1} such that

DrEnin _ 24—126’|ab0’2 _ 24—126’|DE|7
where DM is the minimal discriminant associated to E (cf. Remark 1.11).

Before mentioning the elliptic curve version of Theorem 2.1, we review the state-
ment of (a weakened version of) the Szpiro Conjecture (cf. [IUTchIV], Theorem A),
which played an important role in motivating both [M] and the present paper.

Theorem 2.5 (Szpiro Conjecture).  Let § € Rso. Then there exists a Cs € Rsq
such that, for every equation E as in Lemma 2.3, the following inequality holds:

|Dg| < CsNSH.

Remark 2.6.  The original Szpiro Conjecture is as follows:

Let 6 € Ryg. Then there exists a Cs5 € Rsg such that, for every elliptic
curve F over QQ, the following inequality holds:

i 6+5
D™ < CsNp™,

where D" is the minimal discriminant associated to E (cf. Remark 1.11).

It follows immediately from the above statement and Remark 2.4 that Theorem 2.5 is

equivalent to the original Szpiro Conjecture.
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By Lemma 2.3, we obtain the following elliptic curve version of Theorem 2.1.

Theorem 2.7. Letr € Q, ¢ € Ryg, ¥ C V a finite subset which includes oo,
K, .5 an (r,e,X)-compactly bounded subset (cf. Definition 1.6), and

M5 = {E |E: y* = z(z + a)(z — b) for an abe-triple (a,b,c) s.t.
)‘(a,b,c) € KT,E,E}~

Then, for Ny,v € Rsq such that v < %, there exist infinitely many equations E € A, . x
such that

Ng > No, |Dg| > N exp ((loglogNE)%‘”) .

Remark 2.8. Note that A(4,5,c) may be regarded as the quantity “A” that appears
in the Legendre form of the corresponding elliptic curve. In particular, even on ., . 5,
if one takes the “0” of Theorem 2.5 to be 0, then the resulting inequality does not hold.
Note that Theorem 2.2 implies that, if one takes the “0” of Theorem 2.5 to be 0, then
the resulting inequality does not hold.

Finally, we remark that Theorem 2.1 may be regarded as a weakened version of the
following conjecture, which was motivated by the theory of [[UTchIV], §1, §2. This con-
jecture may be understood as a conjecture to the effect that a version of Masser’s result
(i.e., Theorem 2.2) holds, even when the abc-triple is subject to the further condition
that it lie in a given (r,e, ¥)-compactly bounded subset K, . .

Conjecture 2.9. Letr € Q; ¢, Ng,7 € Rog; X C V a finite subset which in-
cludes o0o; and K,. s an (r,e,X)-compactly bounded subset (cf. Definition 1.6) such
that v < % Then there exists an abe-triple (a,b,c) such that

N(a,b,c) > N07

|abe| > N(3a,b,c) exp ((log N(a,b,c))%_7> ,

)‘(a,b,c) € KT,E,E-

§3. Review of Well-Known Consequences of the Prime Number Theorem

We shall use (the version that includes the error term of) the Prime Number The-
orem without proof. A proof may be found in [T], II.4.1, Theorem 1.
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Theorem 3.1 (Prime Number Theorem).  Let x € R>go. Then there exists a
C € Ry such that the following estimate holds:
)

=

m(z) =li(z) + O (:z: exp(—C(logx)

where we write

li(z) ::/2 101gtdt.

Before stating various consequences of Theorem 3.1, we prove the following lemma.

Lemma 3.2. Let x € R>9, n € Z>1. Then the following estimate holds:

/2 (log DE Tog o dt = On <(logwac)"> = (logxm)" + On <(log :ivc)"‘*‘l) :

Proof. Write

f(ac) = —(log—i)n +/ (logt)” dt fOI‘ X > 2.
2

Since

1o — 1 2 _ 1 2
f (CL') —  (logz)" + (log:tT)L”'"1 —  (logz)n <1 o logn:r>
is < 0 for x sufficiently large, it follows that there exists an M,, € R~ such that

N (lozlﬂ;’)” +/2 (logt)n Toanm @t = f($) < M,.

Thus, it follows that
1 2z
03/2 Tty U < Togayr + M-

— 400 as x — +0o0, it follows that

/2 Togdt = On (—(logm)n).

By applying partial integration and the above estimate, it follows that

/2 (log t)"dt (logww)" (log 2)n + n/2 (log t)"“‘1 dt = (log )™ + On ((log :v)”+1> :

This completes the proof. O

: X
Since oz )7

Theorem 3.1 and Lemma 3.2 easily implies the following two corollaries.

Corollary 3.3.  Let x € R>y. Then the following estimate holds.

m(x) = @ + _(1ogx)2 +0 ((1ogw)3> ’
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Proof. First, it follows from Theorem 3.1 that there exists a C' € R+ such that
the following estimate holds:
))-

Next, by applying partial integration to li(x), it follows from Lemma 3.2 that

T
li(z) :/ lolgtdt
2
x
_ 2 1
_1o:gcx ~ log2 +/2 (logt)zdt
x
— 2 2 2
_lozz ~ log2 + (logxaﬁ)2 ~ (log2)2 +/; (log t)3 dt

=z + e O (e ) -

=

m(x) =li(z) + O (m exp(—C(log x)

Finally, it follows from an elementary calculation that

ewpcmg@%:o(méﬁy
Thus, it follows that
7(#) = gz + e + O ()

This completes the proof. O

Corollary 3.4. Let x € R>5. Then the following estimate holds:
m@:x+o<m&?)

Proof. 'The estimate in question may be obtained by computing Lebesgue-Stieltjes
integrals, applying Lemma 3.2 as follows:

w(z) x

Z logp; = / logt dm(t)
i=1 2

-0

=7(x)logz — / #dt
2-0

_ x x _ _1 1
_x+@+0<(logﬂc)2) /20 <logt+0<(10gt)2>)dt

::z:—i—O((%).

log )

Here, we note that the estimate of the third equality follows by applying the estimate
of Corollary 3.3. O
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In order to prove Theorem 2.1, it will be necessary to apply certain estimates
concerning ¥ functions. The various estimates concerning ¥ functions discussed in the
remainder of the present §3 involve a real number “y” that satisfies only rather weak
hypotheses. In fact, in the proof of the main results of the present paper in §4, it will
only be necessary to apply these estimates in the case where y = (log x)%. On the other
hand, we present these estimates for more general “y” since it is possible that these
more general estimates might be of use in obtaining improvements of the main results

of the present paper.

Proposition 3.5. Let x € Ry1,y € R>o. Then the following inequality holds:

(y) m(y)

(log )™ ¥ (log z)™ W) log p;
<VU(r,y)+1< 1+ E :
w(y)! (H::(Zi) logpi) ( y) m(y)l- (Hf:“i) lOgPi) i1 log

Proof. Let j € Z>o. Write t := 7(y) and

t
A= {(nl,...,nt) c VA |anlogpl < logaj,

i=1
n; >0fori=1,...,t},
t—1

Aji={(ny,...,n4_1) €21 |an log p; <logz — jlogpy,
i=1

n; >0fori=1,...,t—1},

t
V.= {(7"1,...,7’,5) GRt |Zrllogpz Slogl"
1=1

r;>0fori=1,...,t},

t—1

Vi i={(r1,...,r—1,m¢) €R" | Y rilogp; <logx — jlogpy,
=1
ri>0fori=1,...,t—1,
j Srt <]+1}7

t ¢
Vi={(ry,...,r) €R |Zrilogpi < loga:—kZlogpi,

i=1 i=1
r; >0fori=1,...,t}.
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Note that
A = U(x,y) + 1,
p(V) = %
(V) = et b
t t |
u(v) = et ) e (1 = 11_> |

where we write p for the Lebesgue measure.

In the following, we compare A with p(V) and pu(V).
First, let us prove that
u(V) < EA.

We shall use induction on t.
The case where t = 1 is clear, since, in this case, fA is the smallest integer which is
log x
logp1*
Next, we consider the case where ¢t > 2. It follows from the induction hypothesis

that

larger than

w(Vy) < 8A;.

Thus, we obtain the inequality

p(V) < u(Vy) < Y #A; = gA.
j=0 §=0
Next, let us prove that
EA < p(V).

Write

t

Inymgy =] [ [nisni +1) SR
=1

Since p(I(n, ... n,)) = 1, it clearly follows that

.....

This completes the proof. O

By restricting the size of y and applying Corollary 3.3, we obtain the following two
corollaries. The first one was obtained by V. Ennola [E] (cf. [N], p.25). Readers may
skip it because it is not used in the present paper.
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Corollary 3.6. Let x € Ryq,y € Ry be such that 2 < y < (log a:)%. Then the
following estimate holds:

_ (log z)™®) < (L))
\II(J:’ y> T 1= w(y)!-(Hff? logPi) L * © log zlogy '

Proof. 'We apply the inequalities of Proposition 3.5. Thus, it suffices to estimate
the expression

() W) ()
1+ Z —lﬁ)ggz;i =exp | m(y)log | 1+ Z —lf;ggz;i
i=1 =1

Since log(1 + z) < z for z € Ry (recall that the function z +— log(1 + 2) is concave),

m(y) m(y)
exp | w(y)log | 1+ Y  FEE | | <exp (w(y) > BE |,
=1 =1

and it follows immediately from Corollary 3.4 that

()
e () 3 | = exp (222 = e (0 (22)).
i=1

Note that, for M € R., there exists a C € R such that exp(z) < 1+ Cz for
0 < z < M (recall that the function z — exp(z) is convex). Since the assumption that
2 <y < (log x)% implies that

we obtain the estimate

exp (0 ($32)) =1+ 0 (%)
Finally, it follows from Corollary 3.3 that

1+O(M>:1+O<L>.

log x log z logy

This completes the proof. O

The second corollary is an exponential version of Proposition 3.5, obtained by V.
Ennola [E] (cf. [N], p. 25).

Corollary 3.7. Let x € Roq,y,7 € Rog be such that 2 < y < (logz)” and
v < 1. Then the following estimate holds:

U(z,y) = exp (w(y) loglogz —y + O, <m)> :
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Proof. We apply the inequalities of Proposition 3.5. Since

m(y) m(y)
(log x)™ (V) _ .
=exp | m(y) loglogx — logi — loglogp; |,
o (T o) = (y) loglog ; g ; glog p;
it suffices to estimate the expressions
") () ~(y) W
Zlogi, Zloglogpi, 1+ lloogTI;i
= = i=1

First, let us estimate the expression >/ (y) logi. By applying Stirling’s formula, we
obtain the estimate

7(y)
> togi - (7 + 3 ) tog ) — 7(0) + O(1).

My o M

Moreover, by applying Corollary 3.3, together with the estimate log(1 + Tog U Tog ¥

for M € R+, we obtain the estimates

log7(y) = logy — loglogy + O <logy>

1
W(y> + 5 = (logy + (10gy)2 +O ((IOgyy)3>> ’

Then it follows from the above two estimates that

1
<7T(y) + 5) ].Og ﬂ-(y) — y + IOZy - yltf(fgl(;gy - y(ll?)gglyo)gzy + O <(logyy)2> .

Thus, we obtain the following estimate

7(y)
. logl log 1
> logi =y — HEEEEL - HEEESE + O ()

Next, let us estimate Zf:(yl) loglog p;. By computing Lebesgue-Stieltjes integrals,
it follows that

(y)

Z y
loglogpi = / loglogt dm(t) = m(y)loglogy — / tqgf;)t dt.
2-0

By applying Corollary 3.3 and Lemma 3.2, we obtain the following two estimates

_ yloglogy yloglogy
ﬂ—(y) 1Og lOgy - logy + (log y)? + 0 ((logy)2> ’

/y tqét)tdt /yO((lo t)2)dt O((loy)2>'
9o 1108 5 g gy
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Thus, it follows that

()
__ yloglogy yloglogy y
D _loglogp; = HEESEY 4 vpEs, +0 () -

By combining the above estimates, it immediately follows that

I
r (T D togpr) T m(y)loglogz —y + O ( iy 7 ) ) -

m(y)
Finally, let us estimate (1 + Zﬂ(y) ll(;gg p;) . By a similar calculation to the cal-

culation applied in the proof of Corollary 3.6, we obtain the estimate

~(y) )
1+) e ) —ep(0(£2)).
i=1
Since
m(y) _ /I . y
logz — 0 ( l) =0, ((logy)2> ’
y?
it follows immediately that
(y) m(y)
lo 7
| =ee (0 ().
i=1
This completes the proof. O

Finally, we give estimates for various versions of W.

Theorem 3.8. Letx € Ruq,y,7 € Rog be such that 2 <y = (logz)? and vy < 1.
Then the following estimate holds:

Uy) =ep <(l B 1) Y+ ~Togy T On (W))
=exp (4 —1) Gogo) + =555 + 05 (ke )

Proof. By applying Corollary 3.3 and Corollary 3.7, we obtain the following esti-

mate
U(z,y) = exp (%ﬂ(y) logy —y+ O, (m))
=exp (1 (v+ w5 + 0 (i) v+ 01 (cdie))
=exp ((% — 1> y+ %% + 0, (W))
= e (3 =1) Goga)” + 3 (3555 + 01 (i)

This completes the proof. O
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Theorem 3.9. Letx € Ryq,y,v € Ryo, u € Z>1, and ¢, ..., q, € Primes such
that, fori=1,...,u, 2 < ¢q; <y = (logz)” and v < 1. Write D :=[[;_, ¢;. Then the
following estimate holds:

U(z,y; D) =exp ((% — 1) y+ + ~ logy +O5 .0 (—(logyy)g>>

logz log z)”
=exp (< ) (1og IL‘)’y + 12 l(ogglog)z + O%u ((lc()g lgog)ﬂc)2>) ’

Proof. First, we introduce some notation. Let z € R. We denote the largest
integer < z by |z J Let wy € Ryg \ {1}, w2 € R5o. Then we shall write log,, ws :=

w2

iog 22 - Note that wl B — g
og w1

It follows immediately from the definitions that ¥(z,y; D) < ¥(x,y). Next, by
classifying the “z’’s” that occur in the definition of “¥(x,y)” by the extent of their
divisibility by the ¢;’s, we obtain the following estimate:

o5 ()

[ I o (1) o)

71=0 Ju=0 i=1

< (H (|log,, ] + 1)) ¥(z,y; D).

i=1

On the other hand, since for p € Primes, logp? > 1, and logz > 1,

H [log,, | + 1 —exp (Z log [log,, © ))
=1
<exp (Z log(2log x + 1))

(log(3logr)))

xp (u
log z)”
exp (O%u ((lgg lgog)a:)2>> :

Thus, it follows from Theorem 3.8 that

<e

og T ogx)”
\I[(xay; D) =exp ((% - 1) (10g x)’y + L21(c1)gg.iog)ar: + O’Yau ((l(gltgigog)w)2>)

_ 1 ¥
=exp (3 -1) v+ dky + O (i)

This completes the proof. O




NEAR MISS abc-TRIPLES 19
§4. Proof of Theorem 2.1

First, for ease of reference, we review the statement of Theorem 2.1:

Let r € Q; €, Nog,v € Ryg such that v < %; > CV a finite subset which
includes oco; and K, s an (r,e,X)-compactly bounded subset (cf. Definition

1.6). Then there exists an abe-triple (a,b,c) such that

N(a,b,c) > N07

labe| > N(Ba,b,c) exp ((log log N(a,b,c))%_V) 7

A(a,b,c) € Kr,E,E-

Before beginning the proof, we recall from §1 that, for r € Q, ¢ € Ryg, 00 € X CV
such that ¥ is a finite subset,

Kr,E,E = {7”/ € @ | ||Ir/ - TH’U <eg, Yov € E}

It follows immediately from the definition of “K, . x” that, given a finite subset = C
Q, we may assume without loss of generality, in the statement of Theorem 2.1, that
r ¢ Z and € < 1. In particular, by taking = to be {0,1} we may assume in the
following that r # 0, 1. Next, let us recall that A\, p ) := —%. Since, for every abc-triple

(a,b,¢), Maep) = 1= Nape), and Apa,0) = we may assume without loss of

1
)\(a,b,c) ’
generality, in the statement of Theorem 2.1, that » > 1. Finally, in a similar vein, it
follows immediately from the definition of “K, . »” that we may assume without loss of
generality, in the statement of Theorem 2.1, that r — e > 1.

Next, we introduce notation as follows:

o Write
Y =%\ {oo}.

e Let 0 € Ry be such that
0 < 12.

Then observe that there exists a 8’ € Ry such that

§ <12, 2= > 124
(14368)2
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o Write

D::Hpv

veEf
(so D=1if Xy =0).

e We define g € Primes to be the smallest odd prime number such that
q> No

and, for v € Xy,
q 7# Do, HTH’w =1,

where we write
weV

for the g-adic valuation on Q.

e We define

= ; < =
€ marotoes =7 <&

<

e We define J € Z>; to be the smallest positive integer such that, for v € X,

<é,

3
egl’_‘

g € Z>1 to be the smallest positive integer such that

exp (%) <1+¢€.

e In the following discussion, we shall construct an element
rg € Ryg

which depends only on r, €, 3, Ny, and 6. Note that D, ¢, ¢/, J, and g depend only
onr, e, X, and Ny. Let
x e R>10'

Write
y := (log m)%.
We define G' € Z>1 to be the smallest positive integer such that

G > glogx.
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Thus, for a suitable choice of xg, it follows from Theorem 3.9 (where we take v to
be 1) that

1 1
¥layi Do) = exp (o)t + 42525 + 0 (8522 )) . ()

e Observe that there exists a unique I € Z such that
LW (x,y;D-q) <GD’q" < V(x,y;D-q). (f2)

It follows immediately from the estimate (f;) that, for a suitable choice of xg, we
may suppose that I > 1.

Lemma 4.1.  For a suitable choice of xq, there exists a pair of positive integers
(a1,b1) such that

(1) LPN(a1) <y, LPN(b1) < v,
(2) (al,b1>:1, (al,D-q)zl, (bl,D'q):l,
(3) 1<a; <z, 1<b <z,
(4) ]|%—1||U§5’ forv e Xy,
(5) < <144,
a1

by 1

(6) ||a_1_1”w§q_1-

Proof. First, let us recall the estimate (1)
GD’q¢' < U(z,y;D - q).

Thus, by considering the residue classes modulo D7 ¢’ of the set of integers that appears
in the definition of ¥(z,y; D - q), we conclude from the Box Principle that there exists
a sequence of G + 1 integers 2 < sg < --- < sg < « such that

LPN(s;) <y fori=0,...,G,
(siyD-q)=1fori=0,...,G,
5i = 8 mod D7¢! fori,5=0,...,G.

1
Next, let us suppose that s;11 > x9logz .5, for i =0,...,G—1. Since G > glogz,

it follows immediately that

1 G
T >8> x9losT gn 1 > > gl L g0 > w5y >
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— a contradiction. Thus, there exists an iy € Z such that

0<io<G-—1,
1
Sip < Sig+1 < :L‘glngSiO.

_1
Since x9logr = exp (é) <1+ ¢, it follows that

Sig < Sjpa1 < (1 + 6/)82'0.

We define a1, b1 € Z>; as follows:

(alvbl) =1,
by . Sigt
ar Sig

Then it follows immediately from the definition of (a1,b1) that (a1,bq) satisfies condi-
tions (1), (2), (3), (4), (5), and (6) of Lemma 4.1. This completes the proof. O

Lemma 4.2.  For a suitable choice of xq, there exists a pair of positive integers
(ag,bs) such that

(1) LPN(a2) <y, LPN(b2) <y,

(2) (az,b2) =1, (a2,q) =1, (b2, q) =1,

(3) 1<ay <z, 1<by<exp <exp (3(10gx)%)> :
(4) ||Z—§—7‘||U§€f0rv€2f,

) 1% 1), < 4.

Proof. First, since ¢ is an odd prime number, there exists an hg € Z such that
(Z/q*Z)* is generated as a group by the image of hg in (Z/q?*Z)*. Note that (Z/q'Z)*
is also generated as a group by the image of hg in (Z/q'Z)*. Thus, it follows from the
Chinese Remainder Theorem that there exists an h € Z>; such that, for v € Xy,

h =1mod D, h = hy mod ¢°.
Next, since ||r||, = 1, there exists a u € Z such that

o=t < & < 1.

Thus, since (u,q) = 1, and the image of h in (Z/q'Z)* generates (Z/q'Z)*, it follows

that there exists a positive integer n < ¢! such that

h" =1 mod D7, h™ = umod ¢’.
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Let us estimate h™. First, for a suitable choice of zg, we have
h <.

Next, it follows from the definition of G and the inequality (f,) that

W <yt = exp (¢ logy) < exp (1‘;%3%%(%?;; D- Q)>
< exp (25%;—01%);;\1/(%93 D- q)) .
Finally, it follows from the estimate (f;) that, for a suitable choice of z,
exp (;g%—ﬁ;ﬁ@(:p,y; D- q)) < exp <eXp <2(logx)%>> :

Thus, it follows that
1
h"™ < exp (exp (2(10g :Jc)5>> .
We define the pair of positive integers (as, b2) as follows:
(a27 b2) — 17
br .,
as

Since, for v € Xy,
lrh™ =7l = [l - [|B" = 1l < Irflo - " <,

Irh™ = 1l = 7l - A" =+ u = Lo < max{[[A" — ullw, [u - Flw} < o7,

it follows immediately from the definition of (ag, by) that (aq, by) satisfies conditions (2),
(4), and (5) of Lemma 4.2.
Let rq, 7y € Z>1 such that

For a suitable choice of x, it follows that

S

)

re <y <z, 1 <Yy <exp (exp ((log x)
Thus, it follows that
1<as <r, <z, 1<by <rpyh"™ <exp <exp ((1 + 2)(log:c)%)> ,

and hence that (ag,bs) satisfies conditions (1) and (3) of Lemma 4.2. This completes
the proof. ]
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Lemma 4.3.  For a suitable choice of xq, there exist a pair of positive integers
(as,bs) and an o € Z>o such that
(1) LPN(as) <y, LPN(b3) <y,
(2) (a3, b3) =1, (as,q) =1, (b3,q) =
(3) 1<a3 <z, 1<by<aexp (exp( (log x) %))
(4) ||2—2—r||v<5f0rv62,

bs

(5) 12— 1 < &
(6) 0<a< x1+6.

Proof. 1t follows from Lemmas 4.1 and 4.2 that, for a suitable choice of x(, there
exist a pair of positive integers (a1, b1) which satisfies the conditions of Lemma 4.1, and
a pair of positive integers (ag,b2) which satisfies the conditions of Lemma 4.2.

Since

b ! _ r+ +
1< <14 <1+45="5 <2,
it follows immediately, by considering the elementary geometry of the real line, that

there exists an o € Z such that

/

(67
12 (8) 7l <=

Next, let us prove that, for v € ¥y,

’

OL/ (0%
12 () —rlo<e 12 (2) -1 <4

Since v € Xy is a non-archimedean valuation on Q, and (a1,D -q) =1, (b1,D -q) =1,
||% =1, <€, ||% 1| < qi, (cf. conditions (2), (4), and (6) of Lemma 4.1), it follows
that, for v € Xy,

(&) =t <e, 1(2) 1w <2
s s < o ad (@ D-q) =1, (b, D-g) = 1, g2 = vl <&,

Hs—z — 1| < qi, (cf. condition (2) of Lemma 4.1 and conditions (4) and (5) of Lemma,

4.2), it follows that, for v € Xy,
ax

o «
()" o] ] 200 ()
as ay az ay

v

Thus, since &’ =

<max{e, &7} <e,
o ()" =) smac{| (-0) ()] - | (2)" -1
a2 al a2 ai ai
w w w
<L
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We define a3, b3 € Z>1,a € Z>( as follows:

(as,bs) =1,

’
bs _ by (51)"
as ag aq )
|

o= |a

It follows immediately from the definitions of (ag,bs) and « that (as, bs) and « satisfy
conditions (1), (2), (3), (4), and (5) of Lemma 4.3.
Next, let us estimate c. First, since 1 < 2—2 < exp (exp <3(log x)%)> (cf. condition

xT

(3) of Lemma 4.2), and 1 <r —e < Z—i <r+e¢, it follows that
o’ —1
(5~ (3)" 2 oo
ay as asg

le' —1
b _ (b b 1
(a—i> = (ﬁ) o2 > exp <— exp (3(10gx)2)> :
Next, observe that, for a suitable choice of xg, we have
r+e<ux.

Thus, it follows that

exp (— exp <3(10gx)%)> < <%> < 22,
ie.,

—exp (3(10g x)%> < o log (2—11> < 2log x.

In particular, it follows immediately from the above estimate that

alog (2—11> = |a’ log (%) | < max { exp (3(log x)%> ,2logx}.

Since, for a suitable choice of g,

=

2logx < exp (3(10g x)

).

we thus conclude that, for a suitable choice of xg,
alog (%) < exp (3(log x)%) .

Moreover, since 1+ 1 <1+ % = “;—Jlrl < % (cf. conditions (3) and (5) of Lemma 4.1),

and log 2 < log (1 + %)w for x > 1, it follows that

2 < alog (14 2) < alog (&) < exp (301052t
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Thus, it follows that, for a suitable choice of x,
a <zt
i.e., a satisfies condition (6) of Lemma 4.3. This completes the proof. O

Lemma 4.4.  There exists an abc-triple (a,b, c) such that

(1) N(a,b,c) > No,

1
3 (loglog N(g b,c)) 2
(2) ‘CLbC‘ > N(a,b,c) €xXp ((12 - 5/) log log log(NZ()a,Z,c) ) ’

(3) )‘(a,b,c) € Kr,e,E-

Proof. 1t follows from Lemma 4.3 that, for a suitable choice of x, there exist a
pair of positive integers (a3, bs) and an a € Z>( which satisfy the conditions of Lemma
4.3.

Let

a:=asz, b:= —bs, c:= —az + bs.

Since Z—z >r —¢e > 1 (cf. condition (4) of Lemma 4.3), ¢ # 0. Thus, it follows from
condition (2) of Lemma 4.3 that (a,b,c) is an abe-triple. Next, observe that, since
I > 1, it follows from conditions (2) and (5) of Lemma 4.3 that ¢ | ¢. Since ¢q | ¢
and Ny < ¢ € Primes, it follows that (a, b, c) satisfies condition (1) of Lemma 4.4, i.e.,
Nap,ey > No. Finally, since Aigp.c) = —g, it follows from condition (4) of Lemma 4.3
that (a,b, c) satisfies condition (3) of Lemma 4.4. Thus, it suffices to show that (a,b,c)
satisfies condition (2) of Lemma 4.4.

First, since LPN(a3) <y, LPN(b3) <y (cf. condition (1) of Lemma 4.3), it follows

that
IT r< JI »p=exn6).
peEPrimes, pEPrimes,
plab p<y

Next, since (agz,q) = 1 and HZ—?; — 1| < ql, (cf. the conditions (2) and (5) of Lemma
4.3), and I > 1, it follows that
"

q |c.

Thus, it follows from the definition of N4 ) that

N(a,b,c) = H p H pl < exp(@(y)) . q|IC_|1 .

pEPrimes, pEPrimes,
plab ple
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Next, since the positive integers as and b3 satisfy the inequalities 2—§ >r—e>1and
2—?§ < r+ ¢ (cf. condition (4) of Lemma 4.3), it follows immediately that

bl > fel, lal = lol.

r+e

Thus, it follows that

3 3
label > 2 lel® > e (Nabe exp(—=0))a')” = Ci (Niap.e) exp(—0(y))a’)"

where we write C} := m. Next, since logx > log x¢p > log 3 > 1, it follows from the
inequality (f,) that
I 5 ¥(z,y;D-q) log x ¥ (z,y;D-q) 1 Y(@yiDg) _ o, Y2y D-q)
¢ = GD7q = (glogz+1)D7q log x = (g+1)D7q log x - V2 log x ’

where we write Cy := m. Thus, it follows that

y L 3 expl(— .y D- 3
labe| > 010;23 <N(a,b,c) eXp(l—09g(z))\If(a:,y,D q)) — C4 (N(a,b,c) p(loeg(z))\lf( ;D q)> ’

where we write C5 := C1C3. Note that C3 depends only on r, ¢, 3, and Ny. Thus, it
follows from Corollary 3.4 and the estimate (f,) that

exp(=0(y))¥(z,y;D-q)
log x

= exp <—(10g 33)% + O (—(lgg%oi{)xzp)) X
1
exp <(log m)% + 4&?2; + Ogx (—(Sg%fg)j)g» X
exp(— log log z)
. (log x (lo :c)%
= ©exp (4 logglog:r + Oﬁ ((log%og I)z)) ’

and hence, for a suitable choice of x(, that

1
|abel > N, b.0) €xp ((12 - 5)%> :

Finally, let us estimate N4 ). First, it follows from the estimate of N, ) ob-
tained above, together with the definition of ¢ and the mequahty : >, that

Nape) < exp(6(y)) - |e] < exp(6(y)) - [b].

Next, for a suitable choice of zg, it follows from Corollary 3.4 and conditions (3) and
(6) of Lemma 4.3 that

exp(8(y)) < exp(2(logz)?),
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|b] = b3 < 2= exp <exp <3(log :1:)%>> .
Next, for a suitable choice of xg, it follows from an elementary calculation that

&

exp <2(log x)% + exp (3(10g x)%>) <"

Thus, we conclude that, for a suitable choice of x,

ie.,
loglog N4 p.c) < (14 25)logx + loglog x.

In particular, for a suitable choice of g, it holds that
loglog N(gp,c) < (1 +36)log .
Next, observe that we may assume without loss of generality that
loglog Ny > exp(2).

Since the function 3

Zl—>

fOI' zZ e R>exp(2)

is strictly monotone increasing, % > 12—0", and N4 p,0) > No, it follows that, for
2
a suitable choice of g,

(10g z)2
exXp < log logx)
— exp 12— 5 _loglog z+log(1+34) = ((1+36) log m)%
(1+435) i log log = " Tog((1+30) log z)
n ((1+436)log z) 2
> €xp < 12 — 6 10g((1+35) logac)>
1
/ 1OgIOgJ\](abc))§
2 ( 12 - 5 logloglog Na,b,c)

Thus, it follows that (a, b, ¢) satisfies condition (2) of Lemma 4.4, i.e.,

3 /\ (oglog N(ap.c)) 2
|abc| > N(a,b,c) €Xp <(12 0 ) logloglog N(q,b,c) >

This completes the proof. O

Proof of Theorem 2.1. QObserve that there exists an M € Ry such that, for

Z€R>M7

log z < 27,
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Now we apply Lemma 4.4. Observe that we may assume without loss of generality that
log log No > M.

Since N(qp,c) > No, it follows that

logloglog N4 p,c
s < (loglog Nig b)) -

Thus, we conclude that

(loglog N4 b,c )%
|abc‘ > N(Ba,b,c) €xXp <(12 - 6/) logglogg10g<Nl()a,)b,c) )
> N{, .oy €XD ((log log N(a,b,c))§_7> ,

as desired. 0

8§5. Appendix: Proof of Theorem 2.2

First, for ease of reference, we review the statement of Theorem 2.2:

Let No,v € Rsq be such that v < % Then there exists an abc-triple (a,b, c)
such that
N(a,b,c) > N07

|abe| > N(Ba,b,c) exp ((log N(a,b,c))%_7> )

Next, we introduce notation as follows:

e Let 6 € Ry be such that
d < 12.

Then observe that there exists a ' € Ry such that

§ <12, L2290 512§,
(1+496)2

e We define g € Primes to be the smallest odd prime number such that
q> N, 0-

Write w € V for the ¢g-adic valuation on Q.
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e In the following discussion, we shall construct an element
xg € Ryg
which depends only on Ny and §. Note that ¢ depends only on Ny. Let
r € Rsyy.

Write

N[

y = (logx)?2.

We define G' € Z>1 to be the smallest positive integer such that
G > logx.

Thus, for a suitable choice of xg, it follows from Theorem 3.9 (where we take v to
be 3) that

1 ogw 3 ogw 3
¥layia) = exp (o)t + 4852 +0 (2l ). @)

e Observe that there exists a unique I € Z such that

L0(z,y:9) < Gg' < U(z,y;0). (12)

It follows immediately from the estimate (f;) that, for a suitable choice of xy, we
may suppose that I > 1.

Lemma 5.1.  For a suitable choice of xq, there exists a pair of positive integers
(a1,b1) such that

(1) LPN(a1) <y, LPN(b1) < v,
(2) (a1,01) =1, (a1,q) =1, (b1,q) = 1,
(3) 1<a1 <z, 1<b <u,

(4) 1<l <3,

) 2 — 1], < &

Proof. First, let us recall the estimate (1)

Gq' < V(z,y;q).
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Thus, by considering the residue classes modulo ¢ of the set of integers that appears
in the definition of ¥(z,y;q), we conclude from the Box Principle that there exists a
sequence of G + 1 integers 2 < sp < --- < s < x such that

LPN(s;) <y fori=0,...,G,
(si,q)=1fori=0,...,G,
5; = 8 mod ¢! fori,j7=0,...,G.

1
Next, let us suppose that s;;1 > xlogz . s; fori =0,...,G — 1. Since G > logx, it

follows immediately that

1 G
T >8g >xlosr gn 1 > > qglogr L g0 > xsg >

— a contradiction. Thus, there exists an iy € Z such that

0 S Z'0 S G — 17
1
Sip < Sig+1 < xlogmsio.

1
Since xlogz = exp(1l) < 3, it follows that

Sip < Sjg+1 < 3810.

We define a1,b; € Z>; as follows:

(abbl) = 1;
b_l — Sig+1
al : Sio :

Then it follows immediately from the definition of (a1,b;) that (a1,b;) satisfies condi-
tions (1), (2), (3), (4), and (5) of Lemma 5.1. This completes the proof. O

Lemma 5.2.  There exists an abc-triple (a, b, c) such that
(1) Nia,b,c) > No,

1
(log N(a,b,0)) 2
<2) |abc‘ > N(Saab7c) eXp <(12 - 5/) logglog(Nl(]a,l,c) > )
Proof. 1t follows from Lemma 5.1 that, for a suitable choice of zq, there exists a

pair of positive integers (ag, by) which satisfies the conditions of Lemma 5.1.
Let

a:=ay, b:=—-by, c:=—ay+ by.
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Since % > 1 (cf. condition (4) of Lemma 5.1), ¢ # 0. Thus, it follows from condition
(2) of Lemma 5.1 that (a, b, ¢) is an abe-triple. Next, observe that, since I > 1, it follows
from conditions (2) and (5) of Lemma 5.1 that ¢ | ¢. Since ¢ | ¢ and Ny < g € Primes,
it follows that (a, b, c) satisfies condition (1) of Lemma 5.2, i.e., N4 ) > No. Thus, it
suffices to show that (a,b, c) satisfies condition (2) of Lemma 5.2.

First, since LPN(a;) <y, LPN(b1) <y (cf. condition (1) of Lemma 5.1), it follows

that
IT r< JI »=exp6).
peEPrimes, pEPrimes,
plab p<y

Next, since (a1,q) = 1 and HZ—ll — 1| < qi, (cf. conditions (2) and (5) of Lemma 5.1),
and I > 1, it follows that
q' | e

Thus, it follows from the definition of N4 ) that

Niap,e) < D p| <exp(f(y)) - lel_
q
pEPrimes, pEPrimes,
plab ple

Next, since the positive integers a; and by satisfy the inequalities % > 1 and % <3
(cf. condition (4) of Lemma 5.1), it follows immediately that

bl > le], la] > 31b].

Thus, it follows that

3 3
labe| > §le’ > 5i5 (N(ab.e) exp(=0(1)q")” = C1 (N(ap.e) exp(=0(y))q" )",

where we write C} := =L;. Next, since logz > logxzg > log3 > 1, it follows from the
3q

inequality (I,) that

I < Y(z,y59) logz  ¥(z,y3q9) 1 ¥(z,y;q) Y (z,y;9)
q > Ggq > (logz+1)g logz > 2q logx =C logz

where we write Cy := i. Thus, it follows that

labe| > C1C3 (N(a,b,(:) exp(G(y))\If(m,y;q))3 — 4 (N(a,b,c) exp(@(y))@(x,y;q))s

log x log x

where we write C3 := (4 03. Note that C's depends only on Ny. Thus, it follows from
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Corollary 3.4 and the estimate (I;) that

exp(—=0(y))¥(z,y;q)
log x

1
= exp <—(log w)% + O (—(ﬁg?j;)j)g)) X
o (0wt + 4252 +0 (s ) )
exp(— log log x)
1 1
o (10 gj)f (10 1’)5
= €exp <4 logglog:c +0 ((logffyog:c)Q)) ?

and hence, for a suitable choice of zg, that

1
abe] > Ny o0 (12 o) {2520 )

Finally, let us estimate N4 ). First, it follows from the estimate of N, ) ob-
tained above, together with the definition of ¢ and the inequality % > 1, that

Nape) < exp(6(y)) - |ef < exp(6(y)) - [b]-

Next, for a suitable choice of xg, it follows from Corollary 3.4 and condition (3) of
Lemma 5.1 that

=

exp(f(y)) < exp(2(logz)Z),
|b| = bl S xI.

Next, for a suitable choice of xg, it follows from an elementary calculation that
1 5
exp (2(log w)2> < x°.

Thus, we conclude that
N(a,b,c) < x1+67

ie.,

log N(gp,c) < (1 +6)logz.
Next, observe that we may assume without loss of generality that
log Ny > exp(2).
Since the function

1
z?2
log z

Z for z € R>exp(2)
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is strictly monotone increasing, % > 12 —¢', and N(qp,c) > No, it follows that, for
146) 2

a suitable choice of g,

exp | (12 — 5(1°gm)2>

log log ©

I
@

Xp (1+6)2 log log log((149) log x)

> exp ( (12 — &) ((148)log )2 )

12— 5 _loglog z+log(1+4) =~ ((1+96) logw)% )

log((1+6) log x)

Z exp 12_5/ (lOgN(abc))z)

log log N(a b,c)

Thus, it follows that (a, b, c) satisfies condition (2) of Lemma 5.2, i.e.,

3 (log N¢g.,p,c)) 2
\abc\ > N(a,b,c) exXp ((12 - 5/)m>

This completes the proof. O

Proof of Theorem 2.2. QObserve that there exists an M € Ry such that, for

Z€R>M,

log z v,
o <%

Now we apply Lemma 5.2. Observe that we may assume without loss of generality that
log Nog > M.
Since N(qp,c) > No, it follows that
gt < (log Niap))-

Thus, we conclude that
(1og Niap.e)?
|abc\ > N(Sa,b,c) exp <(12 5/) logglog(Nl()a i, .¢) >

> N(?’a’b’c) exp ((log N(a’b7c))§—7> 7

as desired. 0
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